Abstract. In this paper we give the answers to two open questions on complex symmetric composition operators. By doing this, we give a complete description of complex symmetric composition operators whose symbols are linear fractional.
Introduction
Let T be a bounded operator on a complex Hilbert space H. Then T is called complex symmetric if there exists a conjugation C such that T = CT * C. Here a conjugation is a conjugate-linear, isometric involution on H. Precisely speaking, a mapping C : H → H is called a conjugation on H if it satisfies the following conditions, (i) C(λx + µy) = λCx + µCy for all x, y ∈ H and λ, µ ∈ C; (ii) Cx, Cy = y, x for all x, y ∈ H; (iii) C 2 = I is the identity on H. The operator T may also be called C-symmetric if T is complex symmetric with respect to a specifical conjugation C. For more details about complex symmetric operators one may turn to [6] , [7] , and [8] .
In this paper, we are particularly interested in the complex symmetry of composition operators induced by analytic self-maps of D. This subject was started by Garcia and Hammond in [5] .
Recall that for each analytic self-map ϕ of the unit disk D, the composition operator C ϕ given by C ϕ f = f • ϕ is always bounded on H 2 (D). Here, the Hardy-Hilbert space H 2 (D) is the set of analytic functions on D such that
Several simple examples of complex symmetric composition operators on H 2 (D) arise immediately. For example, every normal operator is complex symmetric ( see [6] ), so when ϕ(z) = sz with |s| 1, C ϕ is normal hence complex symmetric on H 2 (D). Also, Theorem 2 in [8] states that each operator satisfying a polynomial equation of order 2 is complex symmetric. So when ϕ is an involutive automorphism, we have C 2 ϕ = I, thus C ϕ is complex symmetric on H 2 (D). In [9] Waleed Noor found the conjugation C such that C ϕ is C-symmetric when ϕ is an involutive automorphism.
However, these examples are trivial to some extent. So people wondered if there exists any other example of complex symmetric composition operator on H 2 (D). The first step is, of course, to determine the complex symmetric composition operators induced by automorphisms. Bourdon and Waleed Noor considered this problem in [2] . The next proposition is Proposition 2.1 in [2] . Proposition 1.1. Let ϕ be a self-map of D. If C ϕ is complex symmetric on H 2 (D), then ϕ has a fixed point in D.
Particularly, if ϕ is either a parabolic or a hyperbolic automorphism, then C ϕ cannot be complex symmetric on H 2 (D).
Thanks to this proposition, we only need to investigate the elliptic automorphisms of the unit disk D. It turns out that things depend much on the orders of the automorphisms. Most of the cases are settled by the following proposition, which is one of the main results in [2] .
However, the order 3 elliptic case remains as an open question, which is posed by Bourdon and Waleed Noor in [2]:
Question A. Is C ϕ complex symmetric on H 2 (D) when ϕ is an elliptic automorphism of order 3?
We will give the answer to this question in the first part of this paper. By doing this we complete the project of finding all invertible composition operators which are complex symmetric on H 2 (D). More precisely, we will prove that if ϕ is an elliptic automorphism of order 3 and not a rotation, then the composition operator C ϕ cannot be complex symmetric on H 2 (D). Thus we can get our Main Result A as follows. It will be given as Corollary 3.6 in the third section.
Main Result A. Suppose ϕ is an automorphism of the unit disk D. Then C ϕ is complex symmetric on H 2 (D) if and only if ϕ is either a rotation or an involutive automorphism.
This result shows that one can never find any nontrivial example of complex symmetric composition operator among the automorphisms of D. So we continue to consider the non-automorphisms.
Sungeun Jung et al [3] posed a non-automorphic example of composition operator which was thought to be complex symmetric, but then it was disproved by Waleed Noor in [10] . Recently, Narayan et al [4] gave the first non-automorphic examples of complex symmetric composition operators. Their examples are as follows, which is Theorem 2.10 in [4] . Proposition 1.3. Let ϕ 1 (z) = az +c and ϕ 2 (z) = az/(1−cz) be analytic self-maps of D and neither of them is an automorphism of D. Then C ϕ1 , respectively C ϕ2 , is complex symmetric on H 2 (D) if and only if ϕ 1 , respectively ϕ 2 , has no fixed point on the boundary of D. In this paper, we also answer this question by giving a complete description of complex symmetric composition operators whose symbols are linear fractional. More precisely, we show that the examples in [4] are the only non-automorphic examples that can be found among the linear fractional maps. Our second main result is as follows, which is Theorem 4.7 in the fourth section.
Main Result B. Suppose ϕ is a linear fractional self-maps of D and is not a constant. Then C ϕ is complex symmetric on H 2 (D) if and only if at least one of the following conditions holds, (i) the two fixed points of ϕ onĈ are 0 and a point outside D; (ii) the two fixed points of ϕ onĈ are ∞ and a point in D; (iii) ϕ is an involutive automorphism.
Preliminary
The space we considered throughout this paper is the Hardy space H 2 (D). It is a Hilbert space, with the inner product
For each w ∈ D, let
is the evaluation functional at the point w, i.e.,
. Futhermore, for each w ∈ D and every integer j > 0, we can find a unique function K
w is called evaluation of the j-th derivative at w.
A linear fractional transformation is a map of the form
We always assume ad − bc = 0, so that ϕ is not a constant. Each linear fractional transformation can be regarded as a biholomorphic mapping ofĈ onto itself. Herê C = C ∪ {∞} is the Riemann sphere. We denote the set of all linear fractional transformations by LF T (Ĉ). Recall that each linear fractional transformation has at most two fixed points onĈ. By LF T (D) we denote the set of all linear fractional self-maps of the unit disk D.
It is a subgroup of LF T (Ĉ). The automorphisms of D are all contained in LF T (D).
It is well known that the automorphisms of D fall into three categories:
• An automorphism ϕ is called elliptic if it has a unique fixed point in D.
• ϕ is called hyperbolic if it has no fixed point in D and two distinct fixed points on the unit circle ∂D.
• ϕ is called parabolic if it has no fixed point in D and one fixed point on ∂D. Proposition 1.1 tells us that when ϕ is either hyperbolic or parabolic, the composition operator C ϕ cannot be complex symmetric on H 2 (D). So we only need to take care of the elliptic ones. Note that if the order of an automorphism ϕ is one, then ϕ is identity on D. If ϕ has order two, then ϕ is of the form
Remark 2.2. The notation ϕ a will be used throughout this paper. ϕ a is the involution automorphism exchanges 0 and a.
For the convenience of our discussion, we restate Proposition 1.3, i.e., Theorem 2.10 in [4] , as follows.
is not an automorphism and either 0 or ∞ is a fixed point of ϕ. Then C ϕ is complex symmetric on H 2 (D) if and only if ϕ has no fixed point on the unit circle ∂D.
The next lemma is a simple property of complex symmetric operators. It will be used repeatedly in this paper.
Lemma 2.4. Suppose T is complex symmetric on H with respect to a conjugation C, then λ ∈ C is a eigenvalue of T if and only if λ is a eigenvalue of T * . Moreover, the conjugation C maps the eigenvectors subspace Ker(T − λ) onto Ker(T * − λ).
Proof. One only need to note that
The next lemma follows directly from the proof of Lemma 2.2 in [2] .
As a corollary, we can get the eigenvectors of C ϕ on H 2 (D) when ϕ is an elliptic automorphism of order 3. Corollary 2.6. Suppose ϕ is an elliptic automorphism of order 3 with fixed point 
Since ϕ ′ (a) 3 = 1 one can get
On the other hand, both C ϕa and C * ϕa are invertible on H 2 (D), then
Finally, C ϕa z k = ϕ k a and Lemma 2.5 shows that C ϕa z k = e k − ae k−1 , hence the proof is done.
Remark 2.7. Note that ||e j || 2 = (1 − |a| 2 ) −1 for j = 0, 1, 2, ... and e j , e k = 0 whenever j = k.
In what follows we list some equations that will be used in our proofs. The first one is a well known identity which can be found everywhere. One can refer to [1] , for example. Suppose ϕ is an automorphism of D, then
for all z ∈ D. Here w = ϕ −1 (0). Suppose ϕ is a analytic self-map of D with a fixed point a ∈ D, then on H 2 (D) we have the following formulae,
We omit the simple calculation here.
Automorphisms
In this section, we will focus on the proof of our first main result, i.e., Theorem 3.5, which assert that no elliptic automorphism of
We will assume that C ϕ is C-symmetric with respect to some conjugation C, and finally we will show this assumption leads to a contradiction. Now we start by determining the image of a certain vector under the conjugation C. The notations in Lemma 2.5 and Corollary 2.6 are still valid in this section.
Claim 3.1. Let ϕ be an elliptic automorphism of order 3 with fixed point a ∈ D\{0}. If C ϕ if C-symmetric on H 2 (D) with respect to a conjugation C, then we have
where c 0 is a constant and
Proof. Let h 0 = Ce 0 . Since e 0 ∈ Λ * 0 , by Lemma 2.4 we have h 0 ∈ Λ 0 . So we can suppose that
It is obvious that e 0 is orthogonal to Λ * 2 . So by Lemma 2.4 and the fact that C is an isometry, h 0 is orthogonal to Λ 2 , which means that h 0 , ϕ a . An easy calculation shows that h 0 = γ 1 g + γ 2 , where
So we have
On the other hand, since C is isometric, we can know that Proof.
Comparing (3.5) with (3.1), we can get that
So (3.6), along with (3.3), shows that
Claim 3.4. Under the assumption of Claim 3.1, we have
Since e 1 − ae 0 ∈ Λ * 1 , by Lemma 2.4 we have h 1 − ah 0 ∈ Λ 1 . So we can assume that
It is obvious that e 1 is orthogonal to Λ * 0 , so h 1 is orthogonal to Λ 0 , which means that h 1 , ϕ 
, then (3.9) and (3.10) shows that δ 0 = 1, δ 1 = ρ +ρ, and
.. Hence we can get that
for k = 0, 1, 2... Thus we have
Now we can prove our final result as follows.
Theorem 3.5. If ϕ is an elliptic automorphism of order 3 with fixed point a ∈ D\{0}, then C ϕ is not complex symmetric on H 2 (D).
Proof. Suppose that C ϕ is C-symmetric with respect to conjugation C. Then Claims 3.1 to 3.4 hold. Let
A tedious calculation shows that f = β 1 g 2 + β 2 g + β 3 , where
and
On the other hand, since C is isometric,
which is impossible since a ∈ D.
As a corollary we can get our Main Result A. It gives a complete description of the automorphisms which can induce complex symmetric operators on H 2 (D).
Corollary 3.6. Suppose ϕ is an automorphism of D. Then C ϕ is complex symmetric on H 2 (D) if and only if ϕ is either a rotation or an elliptic automorphism of order two.
Non-automorphisms
In this section we will consider the non-automorphic cases and give the proof of our Main Result B. According to Proposition 1.1, we will always assume that ϕ ∈ LF T (D) has a fixed point in D.
4.1. linear fractional transformations that fix 0. First we shall consider the linear fractional transformations who fix the point 0. So throughout this subsection we assume ϕ is of the form
Remark 4.1. It is easy to check that ϕ(z) =
Proof. Just a simple and direct calculation. As a corollary of Lemma 4.2, the next result shows that if C ϕ is complex symmetric, then 1/η can never belong to the unit circle ∂D. In fact, it is actually a part of Theorem 2.10 in [4] . However, we still present a different proof here, because this proof will be used in Proposition 4.5 in the next subsection. 
is a subspace of dimension one spanned by h j . Similarly, we can know
A simple calculation shows that
Also Lemma 2.5 shows that C * ϕa f 0 = e 0 ; C * ϕa f 1 = e 1 − ae 0 ; C * ϕa f 2 = e 2 − (a + η)e 1 + ηae 0 , where e j = K a ϕ j a for j = 1, 2, 3. Since C ϕ is complex symmetric, say C ϕ C = CC * ϕ for some conjugation C, Lemma 2.4 shows that there exist λ 0 , λ 1 , λ 2 ∈ C such that
Conjugation C is an isometry, so
Therefore |λ 1 | = 1 − |a| 2 . Then we have
On the other hand, we can write
Combining (4.1) and (4.2), we have
Notice that w 0 = ϕ a (η), which also means ϕ a (w 0 ) = η. So by using identity (2.1) we can get
Thus we can know that |η| = |a|. Now we turn to investigate the relationship between h 2 and C * ϕa f 2 . It would be helpful if one could note that
Therefore, again by Lemma 2.4 we can find λ ∈ C such that C(h 2 − ah 1 ) = λ C * ϕa f 2 + ηC * ϕa f 1 , or we can write
Thus we have
On the other hand, So ϕ a , as a member in LF T (Ĉ), maps 1/η to ∞. Note that 1/η is one of the fixed points ofφ, therefore ∞ is a fixed point of ϕ = ϕ a •φ • ϕ a . Thus ϕ is a polynomial of degree one.
As a conclusion, we can now get our Main Result B as follows. If ϕ is not an automorphism of D and the fixed point of ϕ in D is not zero, then Theorem 4.6 shows that ∞ is a fixed point of ϕ. Thus by Proposition 2.3, ϕ satisfies (ii).
The theorems in this paper give a complete description of complex symmetric composition operators whose symbols are linear fractional. However, people know little about the case when ϕ is not linear fractional. Even no positive example has been found. We list it here as an question.
Open Question. Is there any complex symmetric composition operator whose symbol is not linear fractional?
